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Abstract
We provide one theorem of spectral equivalence of Koopman operators of an origi-
nal dynamical system and its reconstructed one through the delay-embedding technique.
The theorem is proved for measure-preserving maps (e.g. dynamics on compact attrac-
tors) and provides a mathematical foundation of computing spectral properties of the
Koopman operators by a combination of extended dynamic mode decomposition and
delay-embedding.
1 Introduction
Applied Koopman operator theory is a developing research area in dynamical systems during
past two decades [1]. Koopman operator itself, which is a linear, infinite-dimensional operator
defined for analysis of nonlinear Hamiltonian systems [2], is a well-known mathematical object
in dynamical systems and ergodic theory: see e.g. [3, 4]. Recent efforts and progress are
made for general (dissipative, non-autonomous, non-stationary, and hybrid) dynamics with
a strong connection to data-driven science and technologies: fluids [5, 6], power grids [7],
neural activity [8], molecular kinetics [9], and so on.
Extended Dynamic Mode Decomposition (EDMD) is a widely recognized technique for
approximating the Koopman operator directly from time-series data [10]. In this technique,
we define a finite set of basis functions on state space of a target dynamical system and apply
a technique of DMD [11, 12] to the data set encoded via the basis functions from original
data on state dynamics, that is, a bundle of state trajectories. Thereby, it is possible to
approximately obtain eigenvalues and eigenfunctions of the Koopman operator as a super-
position of the basis functions.
One question arises when we solve practical problems with EDMD. Real-world dynamics
are accessible only from a few measurements (observations) and are hard to obtain their
mathematical model in state space. To overcome this, the so-called delay-embedding [13] is a
powerful technique to extract information of state dynamics from scalar time-series. Indeed,
Mezic´ and Banaszuk [14] focus on the delay-embedding and propose its extended version—
statistical Takens theorem—for constructing ergodic partition of state space directly from
scalar time-series of a single observable, which enables us to visualize level sets of eigen-
functions of the Koopman operator. Das and Giannakis [15] study the spectra of Koopman
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operators (semi-groups) with an asymptotic approximation based on integral operators and
delay-embedding. Rowley and Steyert [16] study a fundamental question of how continuous
spectra of the Koopman operators for measure-preserving systems are captured with EDMD,
where the delay-embedding is addressed.
As we will indicate below, the Koopman operator naturally appears in the construc-
tion of delay-embedding. A fundamental question posed here is the spectral equivalence
of two Koopman operators for the original and reconstructed (possibly higher-dimensional)
dynamical systems. In this note, we provide one theorem of the spectral equivalence for
measure-preserving maps. This provides a mathematical foundation that applying EDMD
to reconstructed data does work for estimating the spectrum of the Koopman operator of
the original system. This result was firstly announced in the International Symposium on
Nonlinear Theory and its Applications (NOLTA) [17].
2 Model System and Definitions
In this note, we will consider a smooth diffeomorphism (map, dynamical system) T defined
on a probability space (M,BM , µ), where M is a compact metric space, BM is the Borel
σ-algebra of M , and µ a probability measure. The diffeomorphism T : M → M is called
measure-preserving with µ if µ◦T−1 = µ holds. Also, we denote by FM a space of observables
which correspond to scalar-valued functions defined onM , and we denote by L2(M) the space
of functions for which the 2nd power of absolute value is integrable on M .
The Koopman operator UT : FM → FM for the map T is defined as a composition
operator with T : for f ∈ FM ,
UT f = f ◦ T.
The Koopman operator UT is linear and infinite-dimensional even if the target dynamical
system evolves on a finite-dimensional space. For T measure-preserving, UT becomes an
unitary operator [3, 4].
3 Delay-Embedding and Spectral Equivalence of Koopman
operators
First of all, we provide the celebrated Takens embedding theorem [13] in which we use the
notion of Koopman operator UT .
Theorem 1. (Takens 1981) Let M be a compact manifold of dimension m. For pairs (T, f),
T : M → M a smooth diffeomorphism and f : M → R a smooth observable, it is a generic
property that the map Φ(T,f) :M → R
2m+1, defined by
Φ(T,f)(x) := (f(x), (UT f)(x), . . . , (U
2m
T f)(x)) (1)
is an embedding; by “smooth” we mean at least C2.
Remark 2. The domain of Φ(T,f) is M , and its image can be a subset of the codomain
R
2m+1. From Theorem 1, there exists a homeomorphism ϕ : M → Φ(T,f)(M) ⊆ R
2m+1.
Thus, the reconstructed map T˜ : ϕ(M) → ϕ(M) is defined with the following commutative
relation:
ϕ ◦ T = T˜ ◦ ϕ. (2)
The commutative diagram is shown in Figure 1. The map T˜ is the mathematical object
constructed via the delay-embedding (1) directly from scalar time-series data, to which we
can apply the EDMD.
2
M
T
−−→ M
ϕ
y
yϕ
Φ(T,f)(M)
T˜
−−→ Φ(T,f)(M)
Fig. 1: Commutative diagram for maps
FM
UT
−−→ FM
Cϕ
x
xCϕ
Fϕ(M)
UT˜
−−→ Fϕ(M)
Fig. 2: Commutative diagram for Koopman operators
We now state the theorem on spectral equivalence of Koopman operators through the
delay-embedding. For this, we denote by UT˜ the Koopman operator defined for the recon-
structed map T˜ and by Fϕ(M) the space of observables defined on ϕ(M) (it becomes compact)
on which UT˜ acts.
Theorem 3. Suppose that T : M → M is measure-preserving. For a smooth observable
f ∈ FM = L2(M), consider the reconstructed map T˜ : ϕ(M) → ϕ(M) through the delay-
embedding Φ(T,f) in (1). Then, the associated two Koopman operators UT : FM → FM and
UT˜ : Fϕ(M) → Fϕ(M) are spectrally equivalent.
Proof. First of all, we define the composition operator with the homeomorphism ϕ, denoted
by Cϕ : Fϕ(M) → FM : for g ∈ Fϕ(M),
Cϕg = g ◦ ϕ. (3)
For g ∈ Fϕ(M), we have
UT˜ g = g ◦ T˜
= g ◦
(
ϕ ◦ T ◦ ϕ−1
)
(UT˜ g) ◦ ϕ = (g ◦ ϕ) ◦ T
Cϕ
(
UT˜ g
)
= (Cϕg) ◦ T
= UT (Cϕg) . (4)
Because g is arbitrary, the following commutative relation of the two Koopman operators UT
and UT˜ is derived:
Cϕ ◦UT˜ = UT ◦Cϕ. (5)
The diagram for the Koopman operators is shown in Figure 2. Note that the direction of
vertical arrows used in Figures 1 and 2 are opposite for maps (state dynamics) and Koopman
operators (observable dynamics).
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Thus, the proof is ended by showing that the composition operator Cϕ is an unitary
operator for the measure-preserving T . Suppose that the measure µ is preserved under T ,
that is,
µ ◦ T−1 = µ. (6)
Then, we see that the new measure µ ◦ ϕ−1 is preserved under the reconstructed map T˜ as
shown below:
µ ◦ T−1 = µ
µ ◦
(
ϕ−1 ◦ T˜−1 ◦ ϕ
)
= µ
(
µ ◦ ϕ−1
)
◦ T˜−1 = µ ◦ ϕ−1. (7)
With this, we estimate the inner product of observables g1, g2 ∈ Fϕ(M) = L2(ϕ(M)) on the
set ϕ(M) as follows:
(g1, g2)L2(ϕ(M)) =
∫
ϕ(M)
g1(y)g2(y)d(µ ◦ ϕ
−1)(y)
=
∫
M
g1(ϕ(x))g2(ϕ(x))d(µ ◦ ϕ
−1)(ϕ(x))
=
∫
M
(Cϕg1)(x)(Cϕg2)(x)dµ(x)
= (Cϕg1,Cϕg2)L2(M) (8)
That is to say, Cϕ preserves the inner-product in L2(ϕ(M)) and L2(M). Also, by definition,
Cϕ is linear and bounded. For ϕ homeomorphism, Cϕ is surjective (from Lemma 4.14 in
[18]). Hence, Cϕ is an unitary operator. From (5) of the Koopman operators, the proof that
UT and UT˜ are spectrally equivalent is ended.
4 Conclusion
In this note, we provided the theorem of spectral equivalence of two Koopman operators
connected through the delay-embedding. The proof itself is simple and might have been
reported in literature. If the original dynamical system is measure-preserving, then the Takens
embedding theorem implies spectral equivalence of the two Koopman operators. In this note,
we focused on the measure-preserving maps, and needless to say, the result is applicable to
dynamics on compact attractors, where it would be useful for nonlinear time-series analysis
such as attractor reconstruction. This result guarantees that by applying the EDMD to
data of reconstructed state dynamics with the delay-embedding, the spectrum of the original
Koopman operator can be estimated. Associated eigenfunctions and eigendistributions of the
Koopman operator are also estimated in the reconstructed state space. They are transformed
into the original space via the composition operator Cϕ. The Cϕ and homeomorphism ϕ are
normally unknown for solving real-world dynamics, and thus a new idea is required, e.g.
using a prior information on state dynamics.
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